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Abstract. In this article, we show that four sets of differential Fay identities of an TV-component 
KP hierarchy derived from the bilinear relation satisfied by the tau function of the hierarchy are 
sufficient to derive the auxiliary linear equations for the wave functions. From this, we derive the 
Lax representation for the TV-component KP hierarchy, which are equations satisfied by some pseu- 
dodifferential operators with matrix coefficients. Besides the Lax equations with respect to the time 
variables proposed in [2], we also obtain a set of equations relating different charge sectors, which 
can be considered as a generalization of the modified KP hierarchy proposed in [10j . 



1. Introduction 

The KP hierarchy |1] is one of the most extensively studied integrable hierarchies. It arises in many 
different fields of mathematics and physics such as enumerative algebraic geometry, hydrodynamics 
and string theory. It is an infinite set of coupled partial differential equations of infinitely many 
functions u\,U2, ■ ■ ■ of infinitely many variables t\,t%,.... In terms of the pseudo-differential operator 
L = d + u\d~ l + «2<9 -2 + • • ., where 8 = 8^, the partial differential equations can be expressed as 

BT 

— = [B n ,L], B n :=(L n ) + , n = l,2,..., 

where {L n ) + means the differential part of the operator L n . One of the biggest breakthroughs in the 
study of the KP hierarchy is the group theoretical description of the solutions of the KP hierarchy 
[1] , which is closely related to the infinite dimensional Grassmann manifolds [6] . To every solution 
of the KP hierarchy, there exists a tau function r(i) which satisfies the bilinear relation 

r{t - [^- 1 ]) e E"=i(*--*n)«n r ( t / + [ z --i])dz = 0. (1.1) 

Here t = • • •) and [z^ 1 ] = (z^ 1 , z~ 2 /2, z~ 3 /3, . . .). Such a tau function can be represented 

using the charge zero sector of a free fermion system. 

In [2], Date, Jimbo, Kashiwara and Miwa extended their work PQ to the multicomponent KP 
hierarchy proposed by Sato in a lecture. For an TV-component KP hierarchy, there are N infinite 
families of time variables t an ,a = 1, ...,N, n = 1,2,.... The coefficients u\,U2,--- of the Lax 
operator L = d + u\d~ l + U2<9 -2 + • • • are TV x TV matrices. The operator d now is equal to 
dt u + . . . + dt N1 . There are another TV pseudodifferential operators R±, . . . , Rjy of the form 

R a = E a + UqicT 1 + u a2 d~ 2 + . . . , 

where E a is the V x TV matrix with 1 on the (a, a)-component and zero elsewhere, and u a i,u a 2, ■ ■ ■ 
are also N x N matrices. The operators L, R\, . . . , Rn satisfy the following conditions: 

TV 

LR a = R a L, R a Rf3 = fiapRa, Ra = 1- 



The Lax equations are: 



T77 — [BaniL], 13 — [Bpn>L]i Ran '■— (L n R a ) + . 

Ot an Ot an 
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The tau function of an iV-component KP hierarchy can also be expressed in terms of fermions, but 
N components of free fermions are required. Moreover, one has to go beyond the charge zero sector. 
More precisely, let s±, . . . ,sjy be the charge of each component of the free fermions. Then for a fixed 
s = (si, . . . , sn) t with si + . . . + sn = 0, the tau function of an ^-component KP hierarchy can 
be written as r(s,t), where t is the collective notation for all the time variables. r(s,t) satisfies the 
following bilinear relations: 

N 

x r (s + e a — e 7 , t — [z~ 1 ]^) r (s' — ep + e 7 , t' + [z _1 ] 7 ) = 

for any 1 < a, j3 < N. Here e Q is the column vector with 1 on the a-position and zero elsewhere, 
and e a7 (s) is a sign function. One problem that has not been explored in connection with he mul- 
ticomponent KP hierarchy is the dependence of the operators L,Ri, . . . , Rn on the charge variables 
s. This will be considered in this article. 

In the seminal paper [8], Takasaki and Takebe derived the differential Fay identity for the KP 
hierarchy from the bilinear relation (jl.ip . It was shown that the differential Fay identity is equivalent 
to the KP hierarchy, by first showing that the differential Fay identity implies linear equations of the 
form 

d tn v = B n (d)y, 

where is the wave function of the KP hierarchy, and B n is a differential operator in d = of order 
n. In [9j, Takasaki derived the differential Fay identities of BKP and DKP hierarchies and obtained 
the auxiliary linear equations of these hierarchies from their respective differential Fay identities. 
This further illustrates the importance of differential Fay identities as a set of identities that encode 
all the information of the integrable hierarchies. Differential Fay identities also play important roles 
in studying the dispersionless limits of integrable hierarchies. In [7], Takasaki and Takebe derived 
four set of differential Fay identities for the multicomponent KP hierarchy from the bilinear relation 
(jl.2p and showed that their dispersionless limits give rise to the universal Whitham hierarchy. In 
fact, they considered (N + l)-component KP hierarchy, where one of the components is more special 
than the other components and is denoted by the th -component. Some auxiliary linear equations 
for (N + 1) components of the matrix wave function were derived from the differential Fay identities 
but they do not directly lead to the Lax representation of the multicomponent KP hierarchy. In fact, 
for an (iV + l)-component KP hierarchy, the wave function is an (N + 1) x (JV + l)-matrix valued 
function, but only one row of this matrix, the th -row, was considered in [?]• The auxiliary linear 
equations derived in [7] only leads to linear evolution equations of the form 

d tan ^ = B an (d al )^ , 

where is the th -row of the matrix wave function, and B an (d a i) is a differential operator of order 
n in dt al . One would expect that for a multicomponent KP hierarchy, the B an is a differential 
operator of d = <9j n + . . . + dt N1 rather than of dt al ■ In this article, we show that without singling 
out a special component, one can derive the auxiliary linear equations for the matrix wave function 
of the multicomponent KP hierarchy from the differential Fay identities which have the expected 
form 

d tan V = B an (d)V. 

Besides these linear differential equations with respect to the time variables t an , we also obtain linear 
equations with respect to the charge variables. The latter is what we need for exploring the variations 
of the operators L, R\, . . . , Rn with respect to the charge variables si, . . . , sjy. 
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2. ^-COMPONENT KP HIERARCHY 

Let N be a positive integer. The time variables of the A^-component KP hierarchy are iV-sequences 
of continuous variables {tij}'jL 1 ,. . . , {tNjYjLi collectively denoted by 

t = {t\, t 2 , . . . , *iv) T t a = (t a i,t a 2, . . .), a = 1,2, . . . ,N. 
There are N additional discrete charge variables s%, S2, ■ ■ ■ , sjv 6 collectively written as 

s = (si, . . . , sn) T , 

and subjected to the condition 

N 
a=l 

An Af-component KP hierarchy can be defined by the bilinear identities satisfied by its tau function 

t(m) I2i mm®-- 

N 

x r (s + e a — e 7 , t — [z^ 1 ]^) r (s' — ep + e 7 , t' + [.z _1 ] 7 ) = 
for any 1 < a, f3 < N. Here e Q is the AT x 1 column vector with 1 on the a th place and zero elsewhere, 

'(_l)««+i+...+* r> if q < /3 
e a7 (s) = < 1, if a = /3 , 

^_(_l)«7+l+...+»a 9 if Q > /3 



and 



■z J 



it to consider the case w 
jdzz s --<e^- t '^r{s,t- [z- l \ a )r[s\t'+[z- l \ a ) + £ e Q7 ( S )e Q7 (s' 



As pointed out in [7], it is sufficient to consider the case where a = /3, which gives 



1< 7 <AT 

7^ (2.2) 
x ^ dzz s ^ s '^ 2 e i{tl ^' z) T (s + e a - e 7 , t - [z'%) r (a' - e Q + e 7 , t' + = 0. 

The general case f)2. 1 j) where a ^ (3 can be recovered from (|2.2p by replacing s' with s' + e Q — e«, 
using the fact that 

Lemma 2.1. Let 1 < a, /3,7 < A" 5e i/iree distinct integers. For any s, we have 

(i) e a/3 (s + e a - ep) = e 0a (s), 

(ii) e ai (s + e a - ep) = e /37 (s)e j8a (a). 

The wave function \I/(a,i, 2) and the adjoint wave function \P*(a,i, of the A^-component KP 
hierarchy are N x N matrix-valued functions with the (a, /3)-components defined respectively by 

<M-,t,*) =^(.) r(s + e " ~ 6/3 '* " ig^M ^+^-V^), 

T (2 3) 
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The bilinear identity (|2.ip is then equivalent to 

j> dz^{s, t, z)^*(s', t', zf = 0. (2.4) 

3. Differential and Difference Fay Identities 

In this section, four sets of differential Fay identities satisfied by the tau function of a multicompo- 
nent KP hierarchy are derived from the bilinear identity. This has in fact been considered in [7J . The 
main difference is that we do not specify a particular component which was called the th -component 
in [TJ. Two sets of difference Fay identities are also derived from the bilinear relation. It is shown 
that the difference Fay identities can in fact be deduced from the differential Fay identities. Therefore 
they do not contain any new information other than those encoded in the differential Fay identities. 

3.1. Differential Fay Identities. The differential Fay identities of a multicomponent KP hierarchy 
can be divided into four sets: 
DFI: For any a, 

9t al log r (s, t - [fi^ja) - d tal log r(s,t- [v' 1 ]^ _ r (s, t) r (s,t - \jx 



{s,t-[n % - [u X) 

r„-n \t( b +- r»-ii ^ 1 ' ' 



fi-u r(s,t-[fi 1 ] a )r(s,t - [v x \ a ) 

DFII: For any distinct a and j3, 

dt pi log r(s,t- [fJT 1 ]^ - d tfjl log r(s,t- [v'X) 



r{s + e a - ep, t)r (s - e a + ep,t - \p l ] a - [v \ 



(3.2) 



r{s,t- [Li- l ] a )T(s,t- 

DFIII: For any distinct a and /?, 

dtd log t (s + e a - ep, t - - d tal log r(s,t- [fi^ja) 

r (a, t) r (a + e Q - eg, t - - W'^p) ( 3 - 3 ) 

^ t (s, t [/x- 1 ]^) r (s + e a - ep, t - [v^p) ' 

DFIV: For any distinct a, (3 and k, 

d t Kl logr (s, t - - d tKl logr(s + e a -ep,t- [v'^p) 

e aK (s)ep K (s) t (s + e a - e K ,t) t (s - ep + e K ,t - - [v~ l ]p) ( 3 - 4 ) 

ep a (s) t (s + e a - ep,t - [v~ l ]p) r(s,t- [/x _1 ] Q ) 

They are generalizations of the identities (61), (63), (62) and (64) in [TJ. For completeness, we give 
their derivations here. 

Proof. For DFI, differentiate (|2.2p with respect to t ai and set s' = s, t' = t — \p, ] a — we 
have 

Computing the residue, we find that 

|/ir (s, t - [M _1 ]a) + d tal r (s, t - [fi'X) |r (s, t - [v~ l ] a ) - [it (s, t) r(s,t- [fJ-'X - [f -1 ]a) 

- {vT (s, t - + d tal T (s, t - [l/ -1 ] a )}T [s, t - [fl^U) + UT (s, t) T ( S ,t - [^ l } a - [v' l ] a ) = 0, 
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which gives (|3.ip after some rearrangement. 

For DFII, differentiate (|2.2I) with respect to tm and set s' = s, t' = t — — [z^ _1 ] a , we have 

+ j> dzz' 2 (zt (s + e a -ep,t- [z~ l ]p) + d t01 r (s + e a -ep,t- [z'%)) 
xr(s-e a + ep,t- [yu -1 ] a - + [z~ l ]p) = 0. 

This gives 



d tfjl r (s,t - \p 1 } a )r(s,t-[u ija) -—d tfll T(s,t-[v l ] a ) r (s,t - [fx %) 



v — \x ^ - v — n 

+ r(s + e a - ep,t) t (s - e a + e/3,t - [fi~ l } a - [v^a) = 0, 



which is equivalent to (|3.2p . 

For DFIII, differentiate (|2.ip with respect to t ai and set s' = s, t' = t — [^ _1 ] Q — [z^ -1 ]^, we have 



ep a 



(s)ldzz 1 -^j^zt (s,t-[z 1 ] a )+d tal T{s,t-[z l ] a )} 

XT(s + e a -ep,t- [fT l ] a - [v~ l ]p + [z" 1 }^ 
+ e a p(s) & dzz' 1 — (s + e a - ep,t - [z'^p) r(s,t- - W^}p + [z~ l ]p) = 0. 

J v 

Since 
this gives 

Lit (s, t - [fi~ l ] a ) + d tal T (s, t - [/U -1 ]^) |r (s + e a - ep,t - [v'^p) 

- f-iT (s, t)r(s + e a - ep,t - - W^p) = d tal T (s + e a - ep,t - [i^ 1 ]/?) r(s,t- [/i _1 ] Q ) 

which is equivalent to (|3.3p . 

For DFIV, differentiate (|2.ip with respect to t K1 and set s' = s, t' = t — [)U~ 1 ] Q! — [^ _1 ]/3, we have 



e /3 



a (s) I dzz 1 —^-jdt Kl T(s,t-[z 1 ] Q )r(s + e Q ,-e (S ,t- [/i x ] a - [v % + [z l ] a ) 
+ e a/ fit(s) f dzz' 1 —^jdt Kl r (s + e a - ep,t- [z~ l ]p) r(s,t - [^ l } a - [v~ l \p + [z^jp) 

+ e aK (s)ep K (s) <j> dzz~ 2 {zr (s + e a - e K ,t - [z~\) + d t>A r (s + e a - e K ,t - [z^ 1 ]^ 
x r (s - ep + e K , t - [fi^a - [v^p + [z~\) = 0. 

This gives 

d tRl T {s, t - [/U _1 ] a ) r (s + e a - ep, t - [f'^p) - dt Kl r (s + e a - ep, t - [v~ l ]p) r (s, t - 
+ 6aKis)e ffK {s + e a -e K ,t)T(s-ep + e K ,t- [^} a - [v~%) = 0, 



which is equivalent to (|3.4p . □ 
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3.2. Difference Fay Identities. The difference Fay identities of a multicomponent KP hierarchy 
can be divided into two sets: 

CFI: For any distinct a, (3, A and K, 

ep a (s + e A - e K )r (a, t) r (a + e A - e K - ep + e a , t - 

+ e Q /3(s)T (s + e Q - eg, t) r (s + e A - e K , t - [/i" 1 ]^) (3.5) 

+ e are (a)eg re (a + e A - e K )r (a + e Q - e„, t - [/U _1 ] K ) r (a + e A - eg, t) = 0. 

CFII: For distinct a, f3 and A, 

ep a {s)T (a, t) r (a - + e a , t - [/x -1 ] A ) + e Q/3 (a)r (a + e a - ep, t) r (a, t - 

-1 -i (3-6) 

+ ^ax{s)ep X (s)fi t (a + e a - e A ,i - [/i ] A ) r (a - + e A , t) = 0. 

Proof. For CFI, set a' = a + e A — e K and t' = t — in the bilinear identity (|2.ip . We have 

ep a {s + e A - e«) / dzz~ l T (a, t - r (a + e A - e K - ep + e Q , t - + [£ -1 ]a) 

+ e a p(s) j> dzz~ X T (a + e a - eg, * - [z~%) r (a + e A - e K ,t - + f^ 1 ]/?) 

+ eow(s)e/3«(s + e A - e re ) ® dz-zT 1 - ^ r (s + e a - e K ,t - [z^ 1 ]^ t (s + e x - ep,t - [/U _1 ] K + 
= 0, 

which gives (|3.5p . CFII is proved in the same way but by taking A = k. □ 

3.3. Difference Fay Identities From Differential Fay Identities. In this section, we show that 
the Difference Fay identities CFI and CFII can in fact be derived from the differential Fay identities 
DFII, DFIII and DFIV. 

Proof. Taking v -)• oo in (pT2j) . ([33]) and ([£3]) . we find that 

/i («V log r (a, t - [/x ] a ) - «V log r (a, t)) = T {s , t r (s,t) ' 

(3.7) 

a i c i ^ » i / * r -ii \ r(a,i)T(a + e a -eg,i- [/i- x ] a ) 

"t al logr (a + e a - eg,t) - d tal logr (a,t - [/i \ a ) = fj,- fx 



t (a, t - [fi'^a) r (a + e Q - ep, t) ' 

(3.8) 



d tKl logr (a,t- [/i x ] a ) - d tKl logr (a + e Q - eg,t) 

_ e aK (s)ep K (s) T(s + e a - e K , t) r (a - eg + e K , t - [fi~ l ] a ) (3-9) 
ep a (s) T(s + e a - ep,t)T(s,t-[fi- 1 } a ) 

Taking \i — > oo in (|3.4p and (|3.9p . we have 

logr (a, t) - dt Kl logr (a + e a - ep,t- [v^p) 
e aK (s)ep K (s) t (s + e a - e K ,t) r (s - ep + e K ,t - [v'^p) (3-10) 
e/3a(«) r(a + e Q -ep,t- [u^jp) t {s,t) 

e aK (s)ep K (s) r(s + e a - e K ,t) r (s - ep + e K , t) 



log r 0' *) - log r(s + e a -ep,t 



ep a (s) T(s + e a -ep,t)r(s,t) 

(3.11) 
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Now we can prove CFII ()3.6j) . First, the left hand side of (|3.6p can be rewritten as 

ep a (s)r (s + e a - ep, t) r(s,t- ] A ) ^ - {g - - _ - ^ - ^ - _ ^ - 1 
e Q A(g)e/3A(g) _ x r (a + e Q - e A , t - [jU _1 ]a) r (a - + e A , t) ^ 



e/3a0) r(a + e a -e^,t)r(s,t- [/i X ] A ) y 

From (|3.9p with a — )• A, k — > a and (|3.7p with a — > A, /3 — )• a, we have 

t (a, t) r (a - ep + e Q , t - [/^U) _ 1 
r (a + e Q - e^, i) r (a, i - [/x _1 ] A ) 

foAyf^Ayf) _x r (g + e Q - e A , t - [/x'^a) r Q - ep + e A , t) 

ep a (s) ^ T(s + e a -ei3,t)T(s,t-[ii- 1 ]x) 

e\ a (s)e l3a (s) T(s,t)T(s + e x -ep,t) 
ep\(s) t (a + e a - ep,i)r (a + e A - e a ,t) 
x (<9 Ul log r (s, t - [m~ X ]a) - d tal log r (a + e A - e^, t)) - 1 

r( fl + ea -e„t)r( fl + eA - ea ,t) ^ ^ * " ^ 1 a) - log r t)) 

Using ()3.1ip with a — > A, k — > a, we find that this is equal to 

dt al logr(s,t- [/j _1 ]a) -<9 ial logr(a + e A -e^i) 



9t al log r(s,t) - d tal logr (a + e A -ep,t) 
d tal logr (s,t - [// _1 ]a) - ^ logr 



0. 



dt al log r (a, t) - d tal log r (s + e A - e^, t) 
This proves CFII (|3.6p . For CFI (|3.5p . the left hand side can be rewritten as 
ep a (s)T (a + e a - ep, t) t (a + e A - e K , t - [m -1 ]*) 

t j e /3Q .(g + e A - e K ) r (a, t) r (a + e A - e K - ep + e a ,t - [/i" 1 ]^) _ 
| e/3a(s) r(s + e a -e /3 ,t)r(s + e A -e K ,t- [/i- 1 ],,) (3.12) 

^(^e^a + eA ~ e K ) r (a + e a - e K , t - [^%) r (a + e A - e^t) | 
e/3„(a) r(a + e a -e^,t)r(a + e A -e re ,t- f//- 1 ]^ J ' 

Using (|3.9|) with a — > k, k — > a,s — > s + e\ — e K , we find that 

ep a (s + e A - e K ) r (a, t) r (a + e A - e K - ep + e a , t - [/i" 1 ]^) 
e^a(s) r (a + e Q - ep,t) r (a + e A - e K , t - [yu" 1 ]^) 
e KQ (a + e A - e K )e ;3K (a + e A - e K ) r (a, t) r (a + e A - e^, t) (3.13) 
ep a (s) r (a + e Q - ep,t)r (a + e A - e a ,t) 

x (5t«i logr (a + e A - e K ,t- - d tal logr (a + e A - e^t)) . 

Applying A3. 11 f) with a — > A, k — > a, and using the fact that 

e KQ ,(a + e A - e K )e ) g K (a + e A - e K ) _ 
e/uO^AaO) 

we find that (13. 13f> is equal to 

e Ka (s + e A - e K )ep K (s + e A - e K ) d tal logr (a + e A - e K ,t - [n' 1 }^ - d tal logr (a + e A - ep,t) 
epx(s)e Xa {s) d tal logT(s,t)-d tal logT(s + e x -ep,t) 
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On the other hand, using ()3.9[) with a— s>a,/3— s>A,s— s>s + e A — e K , and the fact that 

e<m(s)e Aa (s + e A - e K ) _ 



e AK (s + e A - e«) 



we find that 



e^O^O + e A - e K ) r (a + e Q - e K , t - [/i" 1 ]^) r (a + e A - eg, t) 
e/3«(s) t (s + e a - e^, t) r (s + e A - e K , t - [/i _1 ] K ) 

_ e KQ (s + e A - e K )e/3 K (a + e A - e K ) r (s,t) r (a + e A - e^t) 

e/3a(«) r(s + e a -e (3 ,t)r(s + e A -e Q ,t) 

x (<% Ql lo S r ( s + e A - e K ,i - - d tal logr 

log r (g + e A - e K , t - [m" 1 ]^) - d tal log r (s, t) 
d t al log r (a, i) - dt al log r + e A - , t) 

Therefore, ()3. 12j) is equal to 

<kgi log r (s + e A - e K , t - [n' 1 ]*) - d tal log r (a + e A - eg, t) _ 
log r(s,t) -<9j al logr(s + e A -e^t) 
9t„i log r (a + e A - e«, t - [/U _1 ] K ) - <9 tal log r (a, i) 



logr - d tal logr (s + e A - ep,t) 



0. 



This proves CFI ((33 



□ 



4. Auxiliary Linear Equations and Lax Equations 

In this section, we derive the auxiliary linear equations for the wave function \I/(a,i, z) (|2.3p . 
Define the differential operator 



A»(*) = £ 



First we have 



Proposition 4.1. For 1 < a < N, the wave function *$>(s,t,z) satisfies the following linear equa- 
tions: 

1 -e- DaW ^{s,t,z) = ®(s,t,d,\)^(s,t,z) = (<B{s,t,d,\)E a +E a £(s,t,\)^(s,t,z), (4.1) 
where 

-A" 1 (d tKl log Vl/ Kre (a, t, A) - A - d) , if (3 = k 

r(s,t) 



*&p K {a,t,d,\) = < 



£a„(s,t,A) = < 



r (a + e K - e^t) 
0, 



-A e^laj- 



t(sA) 



\ x log A), ifP^K 1 

if /3 = k 
if P^k 



Here E a is the N x N matrix with (a, a) -element equal to one and zero elsewhere, and d is the 
operator 

N 



8 



K = l 



Ot 
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Proof. Writing out the components of the equation (|4,ip . we need to show that 

(l _ e - D «M) * aa (s, t,z) = - A" 1 (d tal log V aa (s, t, A) - A - 8) V aa (s, t, z) 

\-i ( ^ T(a + eq-e^,t) iTf (4.2) 

-a 2^ e ^ s > 7T7T) ^/3a{s,t, z ), \ ) 

and if /3, k ^ a, 

fl _ e - fl «W) ^ a ( S , *,*)=- efr,(s) T(g '^ -rd t log t, A)* aa (s, t, z) , (4.3) 

V / T{s + e a — ep,t)' 

(l _ e -D a (\)^ ^( S) t, z) = - A^ 1 (3 tal log * aQ (s, t, A) - A - d) ^(s, i, 2) 

\— 1 , ,r(s + e a -e K ,t) . . 

-a 2^ e ^( s ) r~r\ **/n a >M)> 



1<K<N 



e -D a 



t(s + e - e K ,t - [X %-jz %) . K+s ! . (t ,, z) 



r(s,t- [A- 1 ]^) 
On the other hand, for any q, /3, k, we have 

<9t Kl log ^(s, t, 2) = 9 tKl log r(s + e Q - ep, t - [z' 1 }^ - d tKl log t(s, t) + 8p K z. 

Therefore with = z, v = A, DFI f)3. 1 1) implies that 

T (S, t) T (s,t — [A^L - [Z- 1 }^ 

dt al log^ aa (s,t,z)-dt al log* Qa (s,t,A) =(z — A)— — - — \ — 

r (s,t - [A 1 \ a ) T{S,t- [z L \ a ) 

Therefore, 

(d tal log * aa (s, t, z) - 8 tal log ^ aQ (s, t, A)) ^aa(s, t, z) 

8 tal log * aa (s, t, z) - 8 tal log * aa (s, t, A)) T ]<*) ^ e g(W) 

- a (1 — r(g '\" [A " 1] r :" [z : 1]Q) ^e^^ 

V A/ r(s,t- [A _1 ] a ) 



(4.4) 



(l _ e- D '»W)* j 9 l6 (a, t, z) = -ep a {s) T (M) -d tpi log V aa (s, t, A)* are (s, t, z). (4.5) 

First, we notice that for any a, /3, re ? if a = k, 

_, fl r( g + e^-e a ,t- [A- 1 ]^- [z- x ] Q ) + ^_! / _ n 
j r( S ,t-[A-!] a ) I AJ 

and if a ^ k, 



(4.6) 
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This is in fact eq. (75) in [7]. Now (|3.7p with \i = z implies that 
d tfjl ^ aa {s,t,z) = [d tsi log $? aa (s,t,z)] ^ 

d tpi log r(s,t- [z-%) - d tpi log r (s, tj) T ( *'* ~ z s °e^ 

r( 8 + e a -e ,t) r (s -e a + e ,t- [ Z -%) 1£(t ^ z) ( 4 -7) 

" £aMSj r(s,t) epa{S) r(s,t) Z 6 

t(s + e a -e ,t) 

d^ aa (s,t,z) = d tal ^ a a(s,t,z) + ^ d t/31 -$ aa (s,t,z), 

1<0<N 

we find that flUD and together give (j3~2|) . 

To prove (|4.3p . notice that with ^ = z, v = A, DFII (|3.2p implies that for {3 ^ a, 

d tfjl log * aa (s, t, z) - d t/31 log t, A) 

i / 2 \ T (s + e a - ep, t) t (s - e a + eg, t - [A _1 ] Q - [z" 1 ]^ 



Using the fact that 



XJ r{s,t- [A- 1 ] a )r(s,t- [z- 1 ]^ 

Therefore, 

(d tf)l log ^ aa (s, t, z) - dt 01 log ^ aa (s, t, A)) * aa {s,t, z) 

= (d tfjl log * aQ (s, t, z) - d tf31 log * aa (s, t, A)) T * ( ~ ^" eg(ta ' Z) 

r(s + e a -e (3 ,t)_ (s - e a + ep,t - [A" 1 ],, - [z' 1 ]^ x ( _ z\ 



V ,(M) ^ ^ a: „; ^ '"' ^ I 1 " A ) e 

=e a p(s) T{S + e . a " C * t] e- D ^ Pa (s, t, z). 
r(s,t) 

Together with (|4.7|) . we find that 

e a p(s) 7- i \ ^/toO 5 , *, ^) - [0 t/31 log ^ aa {s, t, A)] * aa (s, t, z) 

T [S, t) 

=e a p(s f {S + e ;- e ^ t) e- D ^p a (s,t,z), 

T (S,t) 



which is equivalent to 

Now to prove (|4.4p . DFIII ()3.3p with v = z and \i = A shows that for 

(9 iQl log * a p(s, t, z) - d tal log * aa (s, t, A)) T ( J + e "- e ^-^) < ./.-i e e(«M) 



r (a + e a - eg, t - [A- 1 ],, - [z' 1 ^) x ^ {tprt) 
r(s,t-[A- 1 ] a ) 

This gives 

-5i Ql log^ aa (s,t,A))^(s,t,z) = -Ae- D ^ A )^ a/3 (s,t,z). (4.8) 

Interchanging a and /3, replacing s by s + e a — ep, and setting [i = z in (|3.8p . we find that 

a i c i + r -li ^ a i / +\ , r(s + e a - eg, i)r(s, t - [z" 1 ^) 

cV logr(, + e Q - C/)l i - [z ],) - ^ logr(s,t) + * = \ {a + ^ t _ [z -x ] )rM 
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This gives 



d tfjl V a p(s,t,z) = e a p(s) y ^ ^ J Vpp(s,t,z). (4.9) 



r(s + e a - ep,t) 
r(s,t) 

Now set v = z and let fj, —> oo in DFIV (13. 4p . we find that for k 7^ oc,/3, 
d tnl log t (s + e a - t - [z~ l ]p) - d tnl log r (s, t) 
_ e QK (g)e/3 K (g) r (a + e a - e K ,t)r (a - + e K ,t - [z" 1 ^) ( 4 -10) 
e^a(s) r(s + e Q -ep,t- [z" 1 ]^) r (s, t) 

This gives 

dt^apia, t, z) = e aK (s) T ( S + Sa ~ BK,t) y Kf3 (s, t, z). (4.11) 

r (s,t) 

Combining together (|Q]> . (|4"Uj) and (|4.1ip prove P~4"|) . 

For (|4.5p . consider first the case (3 = k. Setting fj, = z and i/ = A, interchanging a and /3, and 
replacing s by s + e a — in DFIII (|3.3p . we find that 

fysi lo § r ( s ' * ~ 1^"%) ~ d tpi log t (s + e a - e^, t - [z' l ]p) 

r(s + e a - ep,t) r (s,t - [z~% - [A _1 ] a ) (4.12) 

— ■y — % : . _ 

r (s + e a - ep, t - [z- l ]p) r(s,t- [A -1 ]^ ' 

This gives 

(dt pi log V aa {s, t, \)-dt pi log ^ a p(s, t, *)) V a p(s, t, z) = -e a p(s) T ( 8 + ^ ~ ep,t K - D ^ x H P p{_s, t, z). 

Together with (|4.9p . (|4.5p is proved when f3 = k. Finally if /3 7^ k, let fi = A, v = z and interchange 
the role of (3 and k in DFIV (j!T4"|) give 

d tf}1 log r (s, t - [A -1 ],*) - d tgi log t (s + e a - e K ,t - [z _1 ] K ) 
e a p{s)e K p(s) t (s + e a - e/3,t) t (s - e K + e/3,t - [A' 1 ] 

e KQ (s) r (a + e a - e K , t - [z" 1 ^) r{s,t- [\~ l ] a ) 

This shows that 

(dt pi \og^ aa {s,t,X) ~d tpi log ^ aK {s,t,z)) V aK (s,t,z) 



(4.13) 



d f/n ^(s,M) = M s ) P ' J *p K {8,t,z). (4.14) 



Interchanging /3 and k in (|4.1ip . we have 

t(s + e a - ep,t) 
r(s,t) 

(H~13j) and (14TT41 together give (@3]) when /3 / k. □ 
By the definition of ^f a p(s, t, z), we see that it can be written as 



* a p(s,t,z) = ^6 a p + J2( Wj ) a> p(s,t)z- j I z^S*^ 
=W a! p(s,t,d)d s ^e^' z \ 



(4.15) 
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W a , p {8 t t,d) = ( S aP +J2( w j)ccA s > t ) 9 ~ j J dS " = W ajf} (s,t,d)d s e. 



Now since 



(iV \ JV AT , 

^ E a £(t a ,z) = II eX P z )) = II 1 11 + E > 

a=l / a=l a=l ^ 

N , 



1! 



2! 



g(t a ,z) | !j(t a ,z) 2 | 



a=l 



Therefore, (|4.15|) can be written in the matrix form 



tt! -2 J I 



=W(M,0) 





<9 S2 



\ 





N 



(4.16) 



exp ^£ a £(i a ,2i) 



\ ... d SN ) 



\a=l 



Using Proposition 14.11 we can find the evolution of the wave function fy(s,t,z) with respect to the 
time variable. 

Proposition 4.2. [Linear equations in the t-sector] The wave function fy(s,t,z) satisfies the fol- 
lowing linear equations: 



dt>(s,t,z) 



dt, 



B aj (s,t,d)^(s,t,z), l<a<N,jeN, 



where 



B aj (s,t,d) = [W{s,t,d)E a d j W(s,t,d)- 1 
Proof. Notice that 



W(s,t,d)E a d j W(s,t,d)- 



E 



k 



log 1 



1 - e 



-D a (\) 



D a (X) = J2 



\S d 



\ j dt. 



(4.17) 



(4.18) 



k=l 

By Proposition 14.11 

\ _ e ~D a {\)\ ^ t z j = S ( S) t 9j A)#(s, t, z) = { (A _1 <9) £ Q + ©1,0(3, t, A)} *(s, t, 
where l S>x i o(s,t,X) can be expanded as 

00 

X)i,o(a,*,A) = ^Si i0 y(s,t)A-^. 
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Applying again the operator (l — e~ Da ^), we find that 
1 _ e - DaW Y ^(s,t,z) 
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={ (A- X a) E a + 3)i, («, * - [X- 1 ]*, A)} (l - e - D «( A )) *(a, t, *) 
+ {Di i0 (M,A) -D ll0 (s,t- [A -1 ],,, M) 

= { [(A- 1 ^ E a + S 1)0 (a, i - [\- l ] a , A)] [(A-^) £ Q + © lj0 (a, t, A) 
+ [x>i, (*, t, A) - Di, (s, t - [A _1 ] Q , A)] } *(a, t, z) 

={ (A- 1 ^) 2 £ a + 2) 2 ,i(s, t, A)S + © 2 , (a, t, A)}*(a, t, z), 



where for i = 0, 1, 



5) 2 ,<(a,t,A) = ^S) 2 , i;j (s,t)A- 
i=2 



By induction, one can show that 



1 - e 



--D« (A) 



*(a,t,«) 



' k \ 
Vi=0 / 



where 



D*,A(a,t,A) =A-*^ a and i, A) = t)A _i , < t < k - 1. 



Therefore, (j4.18j) gives 



oo ., / oo fc 



;=1 J a J fc— i \ i— b ,=n / 



k=l \j=k i=0 



oo / 3 k \ 

: E A ~M E £ E Sfc «( s > *• *)■ 

j=l \fc=l i=0 / 



Comparing coefficients of \ J , we find that 



^ \fc=l i=0 / 



'3 3 

Ei^mhE 



vfc=l 



1=1 



E 

.k=i 



Sfe,i;j(S 5 t) 



9' 



*(a,t,z). 



Notice that 



/ j 1 j 

B aj (s,t,d)=j El Sfc .°;i( s >*)+E 
\fe=i t=i 



E 

.k=i 



S) fc[ i;j(a,t) 



0' 



is a differential operator in 9 with leading term 
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On the other hand, (|4.16p implies that 
d${8,t,z) _ ( dW(s,t,d) 



Of 



W(a,t,d)- X \*{a,t,z) 

Ot a j I 



+ w(s,t,d) 

( dW(s,t,d) 



fd Sl ... \ 
d S2 ... 



Of 



E a z j exp ( E a £(t a , z)j 
\o ... d SN J 

W(s, t, d)' 1 j ¥(a, i, z) + (pF(a, i, d)£ a d j Ty(s, i, d)" 1 ) *(a, t, z). 



Therefore, 



Since 



B aj (s,t,d) = ^j*' t,d) w(8,t,d)- 1>S j + (w(s,t,d)E a d^W(s,t,d)- 1 ) . 



(4.19) 



is a pseudodifferential operator in d that only contains negative powers of d, but B a j(s,t,d) 
differential operator, comparing both sides of (|4.19p proves (|4.17p . 
As a side remark, we also deduce from (|4.19p that 



is a 



VF(s,t,5) J B a d ? 'W(s,t,a)- 1 



(4.20) 



□ 



Next we consider the evolution of the wave function ^(s,t,z) with respect to the s variable. 

Proposition 4.3. [Linear equations in the s-sector] The wave function ^(s,t,z) satisfies the fol- 
lowing linear equations: For any distinct a and j3, 



where 



*(a + e a - ep,t, z) = P a ,p(s, t, d)^(s, t, z) = (E a d + 0(a, t)) *(a, t, 
<8(s,t)=S)(s + e a - ei3 ,t)E a -E a S)(s,t)+ ^ £ 

K-y<7V 

-d tnl log r(a,t), i/ A 



(4.2i; 



1<7<JV 



#Ak(M)H r ( a + CA _ c t) .... • 

r(a,t) 

Proof. Writing out the components of (|4.2ip . we need to show that 

*a 7 (a + e a - ep,t,z) =(d - d tal \ogr(s + e a - ep,t) + d tal log r(a, t)j^ ay (s, t, 

e aK («) ~T~£) *«-r( s >M); 



(4.22) 
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and if A ^ a, 

TyS ~\~ e\ — eg v) 

^ A7 (s + e a - ep,t,z) =e Xa {s + e a - ep)—— p ' V aj {s,t,z) + (1 - S X p) * A7 (s, t, z). 

(4.23) 

If 7 = a, (|4,22p is equivalent to 

t(s + e a -e /3 ,t- [z~ x ] a )T(8, t) 

z 

r(s, i - [z- 1 ] a )r(s + e Q - e^, t) 

=d tal log r(s,t- [z^ja) + z+ ^2 d tKl log^ aa {s,t,z) 

i< k <n (4.24) 

~ a '°> logT(s + e " - e "' 4> - 1 g w e " (s) — *J) iiM)' 

Setting = z in (|3.8p . we have 

d tal log r (. + e a - ep, t) - d tal log r (s, t - [z } a ) = z - z - ^ - _ ^_ ly - (g - - _ - ±) . 

(4.25) 

On the other hand, (|4.7|) shows that 

n i <r, f + \ ST i ,t(s + e a - e K ,t) ^ Ka (s,t,z) 
d tKl lo g * aa (s,t,z)= J2 ^5 ^.t.z) ' (4.26) 

Eqs. (ET25D and (OHD together prove (Oil . 
If 7 = /3, (|4T2"2"|) is equivalent to 

_ x r(s + 2e Q - 26^,* - [z~ x ]p)T{a,t) 



r(s + e Q - ep, t - [z 1 ] (3 )r(s + e a - ep,t) 

= d tal logr(s + e a -ep,t- [z'^p) + ^ dt Kl log * aj g(s, t, z) - d tal logr(s + e a - ep,t) 

i<k<n (4.27) 

E t(s + e a - e K , t) ^ K p(s, t, z) 
€aK[S) r(s,t) V a p(s,t,zY 

1<K<N v ' ' a P\ I 

Interchanging a and /3, replacing s with s + e a — ep, and setting \x = z in H3.Tf) give 

2 (^i logr(s + e a -ep,t- [z~ l ]p) - d tal logr(s + e Q - e^i)) 

r (a + 2e a -2eg,t- [z~%)T{s,t) ( 4 - 28 ) 
r(s + e a - ep, t - [z" 1 ] /3 )r(s + e a - ep, t) ' 

On the other hand, (|4.9p and (|4.1ip give 

a tKl log^( S ,t,z)= ^ e aK (s) —j (4.29) 

Eqs. ([05D and ff^29]) together prove l|P7| . 



(4.30) 
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If 7 / a, /3, (|4.22p is equivalent to 

e ai {s + e a - ep) t(s + 2e a - ep - e 7 , t - [z~%)t(s, t) 
e a7 (s) t(s + e a - e 7 , i - [z -1 ] 7 )t(s + e a - eg, t) 

=#t Ql logr(s + e a - e 7 ,t - [z _1 ] 7 ) + ^ 5< Kl log * a7 (s, t, z) 

1<k<N 

-a iQl logr( S + eQ - e/ 3,t)- £ e aK ( S ) 

Replacing a with 7, k with a, s with s + e Q — e 7 and setting = z in (j3.9j) gives 
<% al logr (s + e Q - e 7 ,t - [z -1 ^) - d tal logr (s + e a - ep,t) 

_ ep a (s + e a - e 7 )e 7Ct (g + e a - e 7 ) r Q, t) r (a + 2e a - ep - e 7 , t - [^~ 1 ] 7 ) (4.31) 
6^(5 + e a - e 7 ) r (s + e Q - e 7 , t - [^ _1 ] 7 ) t (s + e a - ep,t) 

Now one can prove directly that 

£/3a(^ ~\~ £ a e 7 )e 7Q ,(s + e a — e 7 ) e ct7 (s + e a — e^) 



Therefore (14.311) together with (I4.29D (with (3 replaced by 7) imply (I4.30p . This completes the proof 
of 022}. 

If A = /3, (I4T23D is equivalent to 



e/3 7 (s + e a - ep) 



t(s + e a - e 7 ,t - [2 1 ] 7 ) 



r(s + e a - ep,t) 
--ep a (s + e a - ep)e ai (s) 



r(s,t) t(s + e a - e 7 ,t - [z l ] 7 ) 



(4.32) 



t(s + e a - ep,t) r(s,t) 
This is a tautology since 

ep^(s + e a - ep) = ep a (s + e a - ep)e ai (s). 
If A 7^ a or P, 7 = a, (14.23P is equivalent to 
r(s + e x -ep,t- [z'%) 

Z -. r 

t(s + e a - ep,t) 

_ z r{s + e x - ep,t) r(s,t - [£^]q) e Aa (g) r(s + e A - e a , t - [z~%^ 

t(s + e a - ep,t) r(s,t) e Xa (s + e a - ep) r(s,t) 

To prove this, interchange a and A in CFII (13. 6p and set \i = z. This gives 

e^ A (s)r (s, t) r (s - e/j + e x , t - [z' 1 }^ + e X p(s)r (s + e x - ep,t) r(s,t- [z~ l ] a ) 
+ e\ a {s)ep a (s)z~ l T (s + e x - e a , t - [z~ l ] a ) r (s - ep + e a ,t) = 0. 

Since 

epajs) = 1 

e\p(s) e Xa {s + e a - ep)' 

one finds that (|4.34p is equivalent to (|4.33[) . 



(4.33) 



(4.34) 
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If A ^ a or f3, 7 = j3, (|4.23p is equivalent to 

/ , s - X t{8 + e a + e A - 2ep,t - [z~ l ]p) 
e X p(s + e a - ep)z 



t(s + e a - ep,t) 

\- e\ ~ < 
\-e a - 1 

t(s + e x -ep,t- [z~ l ]p) 



= eAo(s + e a - ep)e a p{8)—. — ■ ■— r (4.35) 

t{s + e a - ep,t) T{s,t) 



r(M) 

To prove this, interchange f3 and A, replacing s with s + e x — ep in CFII (|3.6p and set fi = z. This 
gives 

r (s + e A - e/j, t) r (s - ep + e a , t - [z" 1 }^ - r (s + e a - ep, t) r (s + e A - ep, t - [z~ l ]p) 

. e a p(s + e x - ep)e X p(s + e x - ep) _ x _ x , (4.36) 

H ^-7 — v —z L T{s + e a + e x -2ep,t-[z ]p) r (s, t) = 0. 

e AQ (s + e A - e^) 

On can show that 

£a/3(s + e a - ep) _ e a p(s + e A - ep)e\p(s + e A - e^) 



e Aa (s + e a - ep)e a p(s) = -e X p(s), 

Therefore (|4.36|) is equivalent to (|4.35|) . 

If A 7^ a or (3, 7 = A, (I4.23P is equivalent to 

^r(s + e a -ep,t- [z' 1 ]^ 



£\p(s) e Xa (s + e x -ep) 



(4.37) 



t(s + e a - ep,t) 



T(s + e x -ep,t)T(s + e a -e x ,t-{z X ] A ) r(s,t-[^ X ] A ) 
=e Aa (s + e a -e^)e aA (s)^ — ■ ^— — + z- 



(4.38) 



r(a + e Q - ep,t) r(s,t) ' r{s,t) 

The first identity in (H~3TD implies that CFII fllTED with \i = z is equivalent to fljjggj) . 

If A 7^ a or /3, 7 7^ a, (3 or A, ()4.23p is equivalent to 

r(s + e Q + e A -e /3 -e 7 ,t- [z" 1 ] 7 ) 
^ + 6q " ^ T(s + e a -ep,t) 

=e Xa (s + e a - e, )ea7 (,) ^ + e ^ e ^^ (S + e "7^*- [ ^ ) (4.39) 

t(s + e a - ep,t) r(s,t) 



+ e x ,(s) T -^ ex -^ t - [z ~ yi ~ ! 



r(s,t) 

One can show directly that 

e Xa (s + e a - ep) _ ep^s + e x - e 7 ) £a 7 (s) e Qi8 (s) 



£a 7 (s + e a - ep) ep a (s + e A - e 7 ) ' e A7 (s + e a - e^) e^s + e A - e 7 ) 

Therefore ()4.39p is implied immediately by CFI (|3,5p (with n replaced by 7.). This completes the 
proof of (|4,23p and also the proof of the proposition. 

□ 

In Proposition 14.21 and Proposition 14. 3| we have proved the following auxiliary linear equations 

-Li-Li =B aj (s,t,dMs,t,z), 1 < a < N,j e N, ^ 
*(a + e a - ep, t, z) =P a ,p(s, t, 9)*(a, t, z), 1 < a, /3 < N, a ^ /3, 
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where B a j(s,t,d) given by (|4.16j) is a differential operator in d of order j, and P a ^(s,t,d) is a first 
order differential operator in d. Define the N x N matrix operators L and R a , a = 1, . . . , N, by 

oo 

L(s, t, d) =W(s, t, d)dW(s, t, d)~ l = W(s, t, d)dW(s, t, d)' 1 = d + u n (s, t)d~ n , 

n=l 

oo 

R a (s, t, d) =W(s, t, d)E a W(s, t, d)' 1 = W(s, t, d)E a W(s, t, dy 1 = E a + Y^ u an (s, t)d~ n . 

n=l 

Then it is straightforward to verify that 

N 

LR a = R a L, R a R(3 = dapRa, ^-a = 1> 

a=l 

B aj (s,t,d) = (w(s,t,d)E a d j W(s,t,dy 1 ^ = (LiR a )+, 
and (ET20J) and (QUI) imply that 

dW(s t,d) w{ ^ t ^ = _ t d)d J EaW{ ^ t gyl^ 

Ot a j 

W(s + e a - e p , t, 8) =P a ,p{s, t, d)W{s, t, d). 

Therefore, 

dL(s,t,d) 



dt [B 7 j(s,t,d),L(s,t,d)\, 
dRp(s,t,d) 

— = [B 7j (s,t,d),Rp(s,t,d)], 

Of 

L(s + e a - e/3,t, <9)P a ,/3 0, t, d) = P ajt3 (s, t, d) L(s, t, d), 
Rj(s + e a - e/3,t, d)P a fi (s, t, d) = P a ^ (s, t, d) R 1 {s, t, d), 
dP a ^ (s, t, d) 



(4.41) 



dtryj 



B^(s + e a - e/3,t,d)P aj i3 (s,t,d) - P a ,/3 (s, t, d) B^(s,t, d). 



These are the Lax equations of the multicomponent KP hierarchy. 

For a fixed s, the first two equations of (|4.4ip are the Lax equations of the multicomponent KP 
hierarchy proposed in [2]. The other three equations in (|4.4ip which determine the variations of 
L, Ri, . . . , i?7\r with respect to the charge variable s are analogous to those proposed in the work on 
modified KP hierarchy [TO]. Therefore, the bilinear relation formulation of the multicomponent KP 
hierarchy (12. ID contains more information than the Lax formulation proposed in [2]. It is essentially 
a multicomponent modified KP hierarchy. 
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